GEOMETRY OF THE SYMMETRIZED POLYDISC 



ARMEN EDIGARIAN AND WLODZIMIERZ ZWONEK 

Abstract. We describe all proper holomorphic mappings of the sym- 
metrized polydisc and study its geometric properties. We also apply the 
obtained results to the study of the spectral unit ball in A^„(C"). 



1. Introduction 

Let D be the unit disc in the complex plane C. Let 7r„ = (vr„_i, . . . , 7r„^„) : 
C", n > 1, be defined as follows 

7rn,fc(Ai, . . . , A„) = ^ \j^...Xji^, k = l,...,n. 

l<jl<---<jk<n 

Observe that 7r„ is a proper holomorphic mapping with the multiplicity 
equal to n! (see e.g. ^H]). Moreover, vr"^ (7r„(D")) = ID"'. Hence, 7r„|en : 
B" 7r„(B") is a proper holomorphic mapping. Put G„ = 7r„(B"') and 

= 7rn((f^II5)")- The domain Gn is called the symmetrized n-disc. 

Below we present a number of results on the geometry of the symmetrized 
polydisc Gn- 

One of the main results of the paper is to give the following characteriza- 
tion of proper holomorphic self-mappings of the symmetrized polydisc. 

Theorem 1. Let f : G„ Gn be a holomorphic mapping. Then f is proper 
if and only if there exists a finite Blaschke product B such that 

/(^„(Ai,...,A„)) =7r„(5(Ai),...,5(A„)), Ai,...,A„ €B. 

In particular, f is an automorphism if and only if 

/(7r„(Ai, . . . , A„)) = 7r„(/i(Ai), . . . , h{\n)), Ai, . . . , An G B, 

where h is an automorphism of the unit disc B. 

Note that, if ^/^ : B ^ B is a holomorphic function, then the mapping 
: Gn Gn, defined as 

/V>(7rn(Al, . . . , An)) = 7rn(V'(Ai), . . .,1p{Xn)), Ai, . . . , An G B, 

is a well-defined holomorphic mapping. Moreover, is proper (resp. an 
automorphism) if and only if ^ is proper (resp. an automorphism). 
We get Theorem ^ as a corollary of the following 

Theorem 2. Let f : B" Gn be a holomorphic mapping. Then f is proper 
if and only if there exist finite Blaschke products Bi, . . . , Bn such that 

/(Ai,...,An) =7rn(5l(Ai),...,Sn(An)), Ai,...,An EB. 
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The symmetrized polydisc has been recently studied by many authors, 
especiahy in two-dimensional case (see e.g. jHElHI, 13) CHI)- Description 
of automorphisms in G2 was given in description of proper mappings 
in G2 was given in We follow the ideas of the latter paper. 

2. Proofs 

For the set K = {ji,... ,jk} C In := {I, ■ ■ ■ ,n}, 1 < ji < . . . < jk < n 
and A = (Ai, . . . , A„) € C" define Xk ■= (Aj^, . . . , Aj^.). 

Let Ao G C, < A; < n. We define D^{Xo) to be the domain in C" 
of all A = (Ai,...,A„) G C" such that there is a (uniquely defined) set 
K = K{Xo) C /„ with i^K = k and \Xj - Ao| < |Afc - Ao|, j e K, k e In\K. 

Note that Z);j(Ao) = D^{Xo) = C" for any Aq G C. 

Remark 3. Let us fix Aq G C, < A; < n. It is immediate to see that the 
mappings 

(1) pk,n : DUXo) 3X^ TTkiXK) G C^ 

Pk,n ■■ D^Xo) 9 A ^ 7r„_fc(A,„\^) G C"-'^ 

are holomorphic. Moreover, for any mapping ip G 0(D, 7r„(D^(Ao))), where 
D is a domain in C"*, the mappings pk,n ° T^n^ ° f and pk^n o ^r"^ o 99 are 
holomorphic, too. 

Lemma 4. Let (p G 0(1), C"), where D is a domain in C"^. Assume that 
'P>{D) C 5n- Then ip is constant. 

Proof. We use induction on n. The case n = 1 is trivial. So assume that 
n > 2 and that lemma is valid for dimensions l,2,...,n — 1. Let / = 
{fi, . . . , fn) denote the multi- valued mapping vr"^ o ip. Let k denote the 
maximal number of elements of a set K C In such that for some //q G B all 
the coordinates fj{po), j G K, are equal. Without loss of generality we may 
assume that /i(^o) = • . . = /fc(/Uo) and fiip-o) / fiipo), l>k + l. Shrinking 
D, if necessary, we may assume that ip{D) C 7r„(L'^(/i(|Uo)))) so in view 
of Remark 131 (with Aq = fiif^o)) we get that p^^n o / is holomorphic. In 
particular, h := {pk,n°f)i is holomorphic on D and \h\ attains its maximum 
(equal to k) at 0. Therefore, losing no generality, we may assume that 
/i, . . . , /fc are constant on D. In the case k = n this finishes the proof. So 
assume that 1 < k < n. Note that the function ip := p^^n ° / is holomorphic 
on D and >f{D) C Sn-k- Then the inductive assumption implies that (p is 
constant, which easily implies that fk+i, ■ ■ ■ , fn are constant, which finishes 
the proof. □ 

Let us define one more mapping. For < k < n and for w = iTkiX), 
z = TTn-kifJ') define 

(2) pk,n ■■ X C'^-'^ 9 {w, z) ^ 7r„(A, p) G C". 

Note that pk^n is a holomorphic mapping, Pk,n{^k x 'Gin-k) = Pk,n{^k x 

Gn-k) = Gn- 

Lemma 5. Let (p G 0{D,C'^), where D is a domain in C™, be such that 
'P>{D) C dGn- Then there are a k with 1 < k < n, 9 5k, and ijj G 
0{D, Gn-k) such that ip = pk^n ° (d, V')- 
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Proof. The case n = 1 is trivial. So assume that n > 2. Define as in LemmaE] 
(/!,...,/„) :=7r-io^. PutiV(A) :=#{j G/„ : |/,(A)| = l},\eD. Define 
k := max{iV(A) : A e D}. Let k = N{fio), fiQ G D. Obviously, 1 < k < n. 

Denote u{\) := maxi<jj<...<j^<„{|/j-^(A)| ■ ... • \fj^,{X)\}, X £ D. Then 
u is plurisubharmonic in D, u < 1 on D and u{^q) = 1. Then n = 1 on 
D. Therefore, for any A G D there is a set K d In with A; elements such 
that |/j(A)| = 1, j G and \fj{X)\ < 1, j G /„ \ -fC. Then Lemma H 
finishes the proof in the case k = n (because (p{D) C (5„). So assume that 
k < n. Applying Remark |31 (for Aq = 0) we see that (p — Pk,n ° iv^ V')] where 
I] = Pk,n ° f, ip = Pk,n ° f are holomorphic on D. It easily follows from the 
definition that il^{D) C G„_fc. Moreover, rj{D) C Sk, so, in view of LemmaHl 
T] is constant. □ 

Let A = (Ai, . . . , A„) G C". Note that Ai, . . . , A n are roots of the polyno- 
mial equation 

(3) - {nn{X)),z^-' + {7rn{X)),z^~' + ■■■ + (-l)"-Hvrn(A))„_,z 

+ (-ir(7r„(A))„ = 0, zee. 

Therefore, Lemma easily implies the following 

Lemma 6. Let ip G 0(1), C"), where D is a domain in C™, he such that 
^{D) C dGn- Then there is a constant C G (9B such that 

(4) C"-99i(A)C"-i + v;2(A)C"-2 + ... 

+ (-l)"-Vn-i(A)C + (-l)>n(A) =0, A G 

The proof of Theorem |21 is based on the following result. 

Proposition 7. Let f : D" G„ be a proper holomorphic mapping. Then 
there exists a bounded holomorphic function B on3 such that 

(5) 

B^iZn) - B^-\zn)fl{z) + ■■■ + {-ir-'B{Zn)fn^l{z) + (-l)"/n(^) = 

z= (zi,...,z„) GB". 

Moreover, B is non- constant. 

Proof. We use methods similar to the ones of Remmert-Stein (see e.g. jlSj'l. 
Take a sequence B 9 ^ (9B. Then there exists a subsequence Uk such 
that /(•, if locally uniformly on ©""^ Note that (p : D""^ ^ dGn is 

a holomorphic mapping. Hence, in view of LemmaEl there exists a constant 
C G (9B such that 

(6) - C"-Vi + • • • + i-ir-^C^n-i + (-l)"95n = on B"-^ 
Note that 

(7) _c-i^ + ... + (-ir-iC^^ + (-ir?^^0 onB"-i 

azj azj ozj 

j = l,2,...,n-L 

Since / is proper, we have 

'dfi 



det 



dzj 



^0 on 

i,j=l,...,n 
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So, there exists a /c E {1, . . . , n} such that 
'dfi 



det 



dzj 



^0 on B". 



i=l,...,n,j=l,...,n—l,ijtk 

We want to solve the equations (w.r.t. C) 
(8) 



k+1 /-^n—k di£k 
dzi 



Let 



m=l,m^k\^) "air ~ ^~ ' 

En I '\\m/^n—m_d<firn. / i\fc+l/^' 

, m=l,mj^k\~'~) dz„-i ~ ^ 

dip. 



dz 



det 



dzj 



on 



i=l,...,n,iytm,j=l,...,n—l 



Then (-l)-C— . ..,^n) = {-ifC^-^^^i^i, . . . , 
If A; > 1 then take m = k — 1. Hence, 



(9) ^k~i{ipi,...,ipn) = -C^ki^i 

We have 

d^ki^i,. . . ,ipn) 



on 



(10) 



dzj 



...,(Pn) 



9zj 



on 



for any j = l,...,n — 1. Note that the equations in (|1U|) hold for any 
choice of possible sequences — > 9B. Therefore, the maximum principle 
for holomorphic functions implies that similar equations hold for /i, . . . , /„. 
So, 
(11) 

. . . , /.)^^^%-^ = ^.(/i, . . . , on B" 

for any j = 1, . . . , n - 1. Put ^ = {$fe(/i, ...,/„) = 0} and 

/-|r,>| p_ '^fc-l(/l) ■ ■ ■ ) /n) 

^ ^ «J>fc(/l,...,/n) • 

Note that ^4 is a proper analytic subset of B" and that S is a holomorphic 
function on B" \ A. Moreover, |^ = on B" \ A for any j = l,...,n — 1. 
Hence, B depends only on z„. 
Moreover, (use ©, ©) 

+ ViK-l'^k + ■■■ + ipn-i^k-i^k'^ + <^n$fc = on D"-\ 

Hence, similar result holds for /i, . . . , /„. From this we get 
(13) 

B^{Zn) - B''-\zn)h + ■■■ + {-ir-^BiZn)fn~l + (-l)"/n ^0 On B" \ A. 

Note that i? is a bounded function on B" \ A, so it extends holomorphically 
to B*^. 

If A; = 1 then take m = 2. Later we prove in a similar way. □ 
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Proof of Theorem^ From Proposition [7| we get that there are holomorphic 
functions Bi, . . . , Bn defined on B such that 

(14) 

i?;;,(z^)-i?;^-i(z™)/i(z)+---+(-ir~ii?^(z™)/„_i(z)+(-ir/„(z)^o 

z = (zi, . . . , Zm) G B", m = 1, . . . , n. 

Hence, / = tt{Bi, . . . , B^). So, B = {Bi,...,Bn) : B" ^ D" is a proper 
holomorphic mapping. From this we have the proof. □ 

3. The Shilov boundary 

We start with the description of the Shilov boundary of G„. The descrip- 
tion of the Shilov boundary in the special case n = 2 can be found in 
(see also PJ. 

Lemma 8. The set 5n is the Shilov boundary o/G„. 

Proof. It is easy to see that the modulus of any function from C(G„) nC'(G„) 
attains its maximum in Sn. To finish the proof it is sufficient to show that 
for any z^ G 5n there is a function F S C(G„) fl 0{Gn) such that \F\ attains 
its strict maximum at z^. 

Fix z° := ^„(A?, . . . , AO) G 5„, |A?| = . . . = |A0| = 1. Let Bi be a finite 
Blaschke product such that -Bi(A?) = . . . = Bi{Xl) = 1 (see P, dH). Let 
B^^{1) = {A]*, • • • , A^}, where m > n. Let B2 be a finite Blaschke product 
such that 52(A?) = . . . = S2(A0) = 1 and B2(A°+i) = . . . = ^^(A™) = -1 
(use once more (H, UHl). Let B := Bi + B2. Note that \B\ < 2 on B and 
5-1(2) = {A?,..., AO}. Define 

n 

F{z) ■.= l + Y,B{\,), 

i=i 

where z = 7r(Ai, . . . , A„) G G„, Ai, . . . , A„, G B. Then F G C(Gn) n 0{Gn) 
and \F\ attains its strict maximum (equal to 1 + 2n) at z^. □ 

4. The Bergman kernel 

It easily follows from the properties of proper holomorphic mappings that 

(15) J„ := {A G C" : det 7r'(A) = 0} = 

{A G C" : Xj = Xk for some j k, j, k = 1, . . . , n.}. 
Denote by the Bergman kernel of the domain D C C" (see e.g. 111!). 
Proposition 9. 

det 

i^G„(7r„(A),7r„(/i)) 



l<j,k<n 



vr" det<(A)det<(//) 
for any A,/i G B„, \ J„. 

Let S„ denote the group of all permutations of the set /„. For a G 
A = (Ai, . . . , A„) G C" denote A^ := (A^(i), . . . , A^(„)). 
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Proof. From the formula for the Bergman kernel of the polydisc and from the 
formula for the behavior of the Bergman kernel under proper holomorphic 
mappings (see [H]) we get for any A, /i € B,„ \ J7„ 



(16) KGM>^),Mf^)) 



det 7r^(A) 



det 



det<(/i^) 
1 



l<j,k<n 



7r"det<(A)det<(//) (1 - Aj7i^(fe))^ vr" det <(A) det <(/i) ' 

□ 

The formula above extends analytically to a formula on G„ x G„. It 
would be interesting to find a more handy formula for i^G„- Below we 
deliver such a formula in the case n = 2. We start with the simplification of 
the denominator in the formula for i^G„- 

Lemma 10. det7r^(A) = 1, A G C, and det7r^(A) = ni<j<fc<n(^i ~ ^k), 
A = (Ai, . . . , A„) G C", for any n>2. 

Proof. We prove by induction on n. For n = 2 we get it by easy computa- 
tions. Put 7r„ = 1 for any n > 1. Note that 
(17) 



-(Ai, . . . , A„) 



-(Ai, . . . , A„) — (A„ — Ai)- 



aAi oXn oXi 

Similar equation holds for any pair (Aj, A„). From this we get 



(Ai 



A„_i). 



(18) det<(Ai,...,A„) = det [^(Ai, 



(Ai - A„) . . . (A„_i - A„) det 



) An) 



dXi 



(Ai 



j,k=l,...,n 

■ ■ , A„_i) 



j,k=l,...,n—l 



= (Ai - Xn) ... {Xn-i - Xn) det 7r.^_i ( Ai , . . . , A„_i). 

In the case n = 2 elementary calculation shows. 
Proposition 11. 

/ /\\ f\\ 2-(/ii + /i2)(Ai+A2) + 2AiA2//i/i2 

(19) /CG2(7r2(A),7r2(/x)) - 



□ 



7r2((l - Ai/ii)(l - A2/i2)(l - Ai/i2)(l - X2JI2W ' 

A,/U G ©2- 

In particular, G2 is the Lu-Qi-Keng domain, i.e. Kq^^Zjw) 7^ for any 
z,w e G2. 

Proof. To get the desired formula it is sufficient to apply the formula from 
Propositionini Lemma HTH and then make elementary calculations. To prove 
that the domain G2 is Lu Qi-keng, it is sufficient, in view of the form of the 
automorphisms of G2, to verify that K(g,^{7r2{X), 7:2(^1)) 7^ 0, A, G under 
the additional assumption H2 = 0. But this easily follows from the obtained 
formula □ 
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Remark 12. It would be interesting to find a more effective formula for the 
Bergman kernel for G„, n > 3. Moreover, the problem whether the domain 
Gn, n > 3, is Lu Qi-keng, is open, too. 

5. The spectral ball 

Define r2„ := {W G Mn{C) : r{W) < 1}, where r{W) denotes the spectral 
radius in A^„(C). 

Denote also the following mapping 

where a{W) denotes the spectrum of W. Note that is a holomorphic 
mapping, which is onto but not one-to-one. 

Lemma 13. Let W e 0,n. Put a{W) := {Ai, . . . , A„}, Ai, . . . , A„ G C (it 
may happen that Xj = A^ for some j ^ k). Then there is a holomorphic 
mapping / : C i— > M.n{C) such that /(O) = W, /(I) = diag(Ai, . . . , A„) and 
o"(/(A)) = {Ai, . . . , A„} for any A G C. 

Proof. We proceed as in 8^. There is an invertible matrix X G Aln(C) and 
an upper triangular matrix 



S 



Ai 







A2 






X2,3 










Xl,n-1 
X2,n-1 

An-1 





3^1, n 
X2,n 

Xn—l,n 
An 



such that W = XSX~^. Then we can find a matrix Y G A^„,(C) such 
that X = (see e.g. and, therefore, W = e^ Se~^ . Consider the 
holomorphic mappings gj^k : C i-^ C, j = 1, . . . , n — 1, k = j + 1, . . . ,n such 
that gj^ki^) = and g{l) = Xj^k- Then we define / : C i— > Jin as follows 



/(A) := 



.Ay 



Ai 







5i,2(A) 5i,3(A) 

52,3(A) 



A2 






91, n-l(A) 

92, n-l(A) 

An-1 





51, n(A) 

52, n(A) 

5n-l,n(A) 
An 



-Ay 



□ 



Proposition 14. Let F : Q.n 

morphic mapping F : G„ i— > G 



-y r^n be holomorphic. Then there is a holo- 
such that 



(20) Fi^niW)) = ^n{F{W)), W G Mn{C). 

Proof. It is sufficient to show that for any W G On 

a(F(IF)) = a(F(diag(Ai,...,An))), 

where a{W) = {Ai, . . . , An}. In view of the previous lemma there is a holo- 
morphic mapping / : C i— fi^ such that /(O) = W, /(I) = diag(Ai, . . . , An). 

The mapping o F o / : C i— s- G^ is holomorphic. Since Gn is bounded 
we get that ^'n o F o / is constant. In particular, 7rn(cr(diag(Ai, . . . , A^))) = 
'jrn{cr{F{W)), which finishes the proof. □ 
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For a finite set $ ^ P <Z D denote g^iP,') the pluricomplex Green 
function with the pole set in P (see e.g. ^0]). If P = {p} then we put 
9d{p, •) = 5d(M, •)• 

Proposition 15. Let Wi,W2 € Then 

gnAWi, W2) = gnAWi,dmg{Xi, . . . .A„)), 
where a{W2) = {Xi, ■ ■ ■ , A„}. 

Proof. Let f : C ^ be such that /(O) = W2, /(I) = diag(Ai, . . . , A„) 
(use Lemma [T3]) . Since the function u := gn„{Wi, f{-)) : C 1-^ [— oo,0) is 
subharmonic, u must be constant. Therefore, (?g„(W^1) W2) = u{0) = u{l) = 
fffi„(VFi,diag(Ai,...,A„)). □ 

A domain D C C" is called hyperconvex if there exists a negative pluri- 
subharmonic exhaustion u of D, i.e. {z € D : u{z) < — e} (s D for any e > 
(see e.g. |14j'). Note that any hyperconvex domain is pseudoconvex. 

We have the following result. 

Proposition 16. G„ is a hyperconvex domain for any n > 1. 

Proof. We know that Gn = vrri(D"). Let q{z) = max{|2;i|, . . . , \zn\}, where 
z = {zi, . . . , Zn) E C". Put u{w) = maxlogg(7r~^(u>)), where w S C". Note 
that M|(Q^ is a negative plurisubharmonic exhaustion of G„ (use Proposition 
2.9.26 in jH]). □ 

The following result is a partial generalization of the main result in ^7j . 

Theorem 17. Let F : J7„ 1-^ J7„ be a proper holomorphic mapping. Then 
there is a finite Blaschke product B such that a{F(W)) = B{a{W)), W E 

Proof. Let F : G„ 1-^ G„ be as in Proposition 1141 Because of Theorem ^ 
it is sufficient to show that F is proper. It is sufficient to show that for 
any sequence G„ D {z'^) such that z"^ 9G„ there is a subsequence (z^^) 
such that F{z''^) 5G„. Fix such a sequence {z"). Let {W^) C 0„ be 
such a sequence that "^niW^) — ■ Let Q E r2„ be any point such that 
Q ^ F({detF' = 0}). Let N denote the multiplicity of the proper mapping 
F. Denote {Pi,...,P/v} = F-^{Q). Denote a{F{W'')) := {\\, . . . .X"^]. 
Then because of Proposition and the behaviour of the Green function 
under proper holomorphic mappings (see ^U]) we get 

(21) 5n„(Q,diag(Ar,...,A^)) =5n„(Q,m'^)) = 

N N 
<7n„(m,...,P^},W^'^) > ^<?n„(P„W^'^) > 5]<?G„(^n(P,),^"). 

Now the hyperconvexity of G^ and the convergence z^ — ^ imply that 
the last expression tends to as z/ — > 00 (see e.g. [TljV 

Choosing a subsequence, if necessary, we may assume that Xj — > Xj, 
j = 1, . . . ,n, where |Aj| < 1. Now the assumption |Aj| < 1, j = 1, . . . , n, 
would imply, because of the upper-semicontinuity of the Green function, 
that g'Q„(Q, diag(Ai, . . . , A„)) = - contradiction. Consequently, F{z'^) = 
<fn{W^) = ^'n(diag(A5', . . . , A:^)) ^ ^„(diag(Ai, . . . , A,)) E 9G„. □ 
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